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▲✬❡❛✉ ❡%& ✉♥ (❧(♠❡♥& &+,% ✐♠♣♦+&❛♥& ❞❛♥% ❧❛ ✈✐❡ ❞❡% ❤✉♠❛✐♥%✱ ❞❡% ❛♥✐♠❛✉① ❡& ❞❡%
♣❧❛♥&❡%✳ ❙❡✉❧❡♠❡♥& ✉♥❡ ♣❡&✐&❡ ♣❛+&✐❡ ❡%& ✉&✐❧✐%(❡ ❝♦♠♠❡ ❡❛✉ ♣♦&❛❜❧❡ ❡& ❝❡&&❡ ♣❛+&✐❡ ❡%&
♠❡♥❛❝(❡ ♣❛+ ❞✐✈❡+%❡% +❛✐%♦♥% ✿ ❧❛ ♣♦❧❧✉&✐♦♥ ❞♦♠❡%&✐:✉❡✱ ❧❡% +❡❥❡&% ✐♥❞✉%&+✐❡❧%✱ ❧✬✉&✐❧✐%❛&✐♦♥
❞❡ ♣❡%&✐❝✐❞❡% ❡& ❞✬❡♥❣+❛✐% ❞❛♥% ❧✬❛❣+✐❝✉❧&✉+❡✱ ❧❡% ♣❧✉✐❡% ❛❝✐❞❡% ✳✳✳
❖♥ ❞♦✐& ❞♦♥❝ ✈❡✐❧❧❡+ > ❝❡ :✉❡ ❝❡&&❡ ❡❛✉ ♣♦&❛❜❧❡ ♥❡ %♦✐& ♣❛% ♣♦❧❧✉(❡✳
❊♥ ♣❛+&✐❝✉❧✐❡+✱ ❧❛ ♣♦❧❧✉&✐♦♥ ♣❛+ ❞❡% (❧(♠❡♥&% +❛❞✐♦❛❝&✐❢% ❞♦✐& A&+❡ ❛❜%♦❧✉♠❡♥& (✈✐&(❡ ❝❛+
❡❧❧❡ ❝♦♥&❛♠✐♥❡+❛✐& &♦✉&❡% ❧❡% ❝❤❛B♥❡% ❛❧✐♠❡♥&❛✐+❡%✳ ❈♦♠♣&❡ &❡♥✉ ❞❡ ❧❛ ❞❛♥❣❡+♦%✐&( ❞❡ ❝❡%
❞(❝❤❡&% +❛❞✐♦❛❝&✐❢%✱ ✐❧ ❡%& ♥(❝❡%%❛✐+❡ ❞❡ ❧❡% ❝♦♥✜♥❡+ ❡♥ ❧✐❡✉ %E+✳ ▲❡ ♥✐✈❡❛✉ ❞❡ +❛❞✐♦❛❝&✐✈✐&(
♥❡ ♣❡+♠❡& ♣❛% ❧❛ ❞(❝❤❛+❣❡ %❛♥% ❝♦♥&+F❧❡ ❞❛♥% ❧✬❡♥✈✐+♦♥♥❡♠❡♥&✳
▲❡% ❞(❝❤❡&% +❛❞✐♦❛❝&✐❢% %♦♥& ❞✐✈❡+% ❡& ❧❡✉+% ❝❛+❛❝&(+✐%&✐:✉❡% ❞✐✛,+❡♥& ❞✬✉♥ ❞(❝❤❡& >
❧✬❛✉&+❡ ✿ ♥❛&✉+❡ ♣❤②%✐:✉❡ ❡& ❝❤✐♠✐:✉❡✱ ♥✐✈❡❛✉ ❡& &②♣❡ ❞❡ +❛❞✐♦❛❝&✐✈✐&(✱ ❞✉+(❡ ❞❡ ✈✐❡
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✶✳ ▲❡ ♥✐✈❡❛✉ ❞❡ +❛❞✐♦❛❝&✐✈✐&( ✿ ❧❡ ♥✐✈❡❛✉ ❞❡ +❛❞✐♦❛❝&✐✈✐&( ❝♦++❡%♣♦♥❞ > ❧❛ :✉❛♥&✐&( ❞❡
+❛②♦♥♥❡♠❡♥& (♠✐% ♣❛+ ❧❡% (❧(♠❡♥&% +❛❞✐♦❛❝&✐❢% ✭+❛❞✐♦♥✉❝❧(✐❞❡% ♦✉ +❛❞✐♦✐%♦&♦♣❡%✮
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✷✳ ▲❛ ♣(+✐♦❞❡ +❛❞✐♦❛❝&✐✈❡ ✿ ❡❧❧❡ :✉❛♥&✐✜❡ ❧❡ &❡♠♣% ❛✉ ❜♦✉& ❞✉:✉❡❧ ❧✬❛❝&✐✈✐&( ✐♥✐&✐❛❧❡
❞✬✉♥ +❛❞✐♦♥✉❝❧(✐❞❡ ❡%& ❞✐✈✐%(❡ ♣❛+ ❞❡✉①✱ ✐❧ ❡①✐%&❡ ✉♥❡ ♣(+✐♦❞❡ ❝♦✉+&❡ ✭✐♥❢(+✐❡✉+❡
♦✉ (❣❛❧❡ > ✸✶ ❛♥%✮ ❡& ✉♥❡ ♣(+✐♦❞❡ ❧♦♥❣✉❡ ✭%✉♣(+✐❡✉+❡ > ✸✶ ❛♥%✮✳ ■❧ ② ❛ ❛✉%%✐ ❧❡ ❝❛%
♣❛+&✐❝✉❧✐❡+ ❞❡% +❛❞✐♦♥✉❝❧(✐❞❡% ✉&✐❧✐%(% ♣♦✉+ ❧❡% ❜❡%♦✐♥% ❞❡ ❞✐❛❣♥♦%&✐❝ ❡♥ ♠(❞❡❝✐♥❡✱
♣(+✐♦❞❡ &+,% ❝♦✉+&❡ ✭ ✐♥❢(+✐❡✉+❡ > ✶✵✵ ❥♦✉+%✮✳
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❡%♣E❝❡% ♣+-❝✐♣✐&-❡%✳ H❛+ ❛✐❧❧❡✉+% ♦♥ ♥♦&❡ +❡%♣❡❝&✐✈❡♠❡♥& α ❡& β ❧❡% ❝♦♥❝❡♥&+❛&✐♦♥% ❞❡%
❡%♣E❝❡% %❡❝♦♥❞❛✐+❡% ❛/✉❡✉%❡% ❡& ✜①-❡%✳
✶✹ ❝❤❛♣✐%&❡ ✶
✶✳✷ ❘$❛❝'✐♦♥+ ❛,✉❡✉+❡+ ❡' +✉/❢❛❝✐,✉❡+
◆♦✉% ❛✈♦♥% )*✉❞✐) ❧❡% /)❛❝*✐♦♥% 1 ❧✬)3✉✐❧✐❜/❡ ❡* ✉*✐❧✐%) ❧❡% ❧♦✐% ❞✬❛❝*✐♦♥ ❞❡ ♠❛%%❡✱ ❞♦♥❝
♦♥ ♣❡✉* */❛❞✉✐/❡ ❝❡**❡ ❤②♣♦*❤:%❡ ♣❛/ ❧❡ %②%*:♠❡ %✉✐✈❛♥* ✿
NE∏
i=1
a
νr,i
i = Kr, r = 1, Nr ✭✶✳✷✮
♦@ ai ❡%* ❧✬❛❝*✐✈✐*) ❞❡ ❧✬❡%♣:❝❡ Ei✱ νr,i %♦♥* ❧❡% ❝♦❡✣❝✐❡♥*% %*B❝❤✐♦♠)*/✐3✉❡% ❡* Kr ❡%* ❧❛
❝♦♥%*❛♥*❡ ❞✬)3✉✐❧✐❜/❡ ❞❡ ❧❛ /)❛❝*✐♦♥ r✳
❉❛♥% ♥♦*/❡ )*✉❞❡✱ ❧❡% ❝♦♥❝❡♥*/❛*✐♦♥% ♦♥* ❞❡% ✈❛❧❡✉/% ♣❡*✐*❡% ❡* ❧❡ %♦❧✈❛♥* ❡%* ❧✬❡❛✉✳ ❉♦♥❝✱
♥♦✉% ❛✈♦♥% ai = ci✳
✶✳✷✳✶ ▲♦✐& ❞✬❛❝+✐♦♥ ❞❡ ♠❛&&❡
❖♥ %✉♣♣♦%❡ 3✉❡ ❧❡ %②%*:♠❡ ❝♦♥*✐❡♥* Nc ❝♦♠♣♦%❛♥*% ❛3✉❡✉①✱ Ns ❝♦♠♣♦%❛♥*% ✜①)%✱
Np ❡%♣:❝❡% ♣/)❝✐♣✐*)❡%✱ Nα /)❛❝*✐♦♥% ❛3✉❡✉%❡% ❡* Nβ /)❛❝*✐♦♥% %✉/❢❛❝✐3✉❡%✳
▲❡% ❧♦✐% ❞✬❛❝*✐♦♥ ❞❡ ♠❛%%❡ ❡* ❧❡% ♥♦*❛*✐♦♥% ♣/)❝)❞❡♥*❡% ♣❡/♠❡**❡♥* ❞❡ ❞)✜♥✐/ ❧❡ %②%*:♠❡
❝❤✐♠✐3✉❡ %✉✐✈❛♥* ✿ 

αi(c) = Kc,i
Nc∏
j=1
c
Sij
j , i = 1, Nα
βi(c, s) = Ks,i
Nc∏
j=1
c
Aij
j
Ns∏
j=1
s
Bij
j , i = 1, Nβ
✭✶✳✸✮
♦@ S ∈ ZNα×Nc ✱ A ∈ ZNβ×Nc ❡* B ∈ ZNβ×Ns %♦♥* ❧❡% ♠❛*/✐❝❡% ❞❡% ❝♦❡✣❝✐❡♥*% %*B❝❤✐♦✲
♠)*/✐3✉❡%✳ Kc ∈ RNα ❡* Ks ∈ RNβ %♦♥* ❧❡% ❝♦♥%*❛♥*❡% ❞❡% /)❛❝*✐♦♥%✳
✶✳✷✳✷ ❚❛❜❧❡❛✉ ❞❡ ▼♦4❡❧
❆✈❡❝ ❧❡% ❞)✜♥✐*✐♦♥% ❡* ❧❡% ♥♦*❛*✐♦♥% ♣/)❝)❞❡♥*❡%✱ ♦♥ ❞)✜♥✐* ❧❡ *❛❜❧❡❛✉ ❞❡ ▼♦/❡❧ ❬✷✽❪
%✉✐✈❛♥*✱ ❞❡ ❢❛P♦♥ ❝♦♥❞❡♥%)❡ ✭❡* ♠❛*/✐❝✐❡❧❧❡✮✱ 3✉✐ ❡①♣/✐♠❡ ❝❤❛3✉❡ ❡%♣:❝❡ αi ✭ ♦✉ βi✮ ❡♥
❢♦♥❝*✐♦♥ ❞❡% cj ❡* sj ✿
❡%♣:❝❡ %❡❝♦♥❞❛✐/❡
❝♦♠♣♦%❛♥*
c s
α ❙ ✵
β ❆ ❇
❚❛❜❧❡ ✶✳✶ ✕ ❚❛❜❧❡❛✉ ❞❡ ▼♦/❡❧
❘!❛❝$✐♦♥( ❞❡ ♣,!❝✐♣✐$❛$✐♦♥✲❞✐((♦❧✉$✐♦♥ ✶✺
✶✳✸ ❘$❛❝'✐♦♥+ ❞❡ ♣/$❝✐♣✐'❛'✐♦♥✲❞✐++♦❧✉'✐♦♥
❊♥ ❣%♥%&❛❧✱ ❞❛♥+ ✉♥ +②+./♠❡ &%❛❝.✐❢ ❛✈❡❝ ❞❡+ &%❛❝.✐♦♥+ ❞❡ ♣&%❝✐♣✐.❛.✐♦♥✲❞✐++♦❧✉.✐♦♥ 9
❧✬%;✉✐❧✐❜&❡✱ ♦♥ ❝✬❡+. ♣❛+ +✐ ❧❡+ ♠✐♥%&❛✉① +♦♥. ♣&%+❡♥.+ ♦✉ ♥♦♥ ❞❛♥+ ❧❡ +②+./♠❡✳ ▲❛ ♣&%+❡♥❝❡
❞✬✉♥ ♠✐♥%&❛❧ +✐❣♥✐✜❡ ;✉❡ ❧❡ ✢✉✐❞❡ ❡+. +❛.✉&% 9 ❧✬%;✉✐❧✐❜&❡✱ ❡. +✐ ❧❡ ✢✉✐❞❡ ❡+. +♦✉+✲+❛.✉&%✱
❧❡ ♠✐♥%&❛❧ ❝♦&&❡+♣♦♥❞❛♥. ❡+. ❝♦♠♣❧/.❡♠❡♥. ❞✐++♦✉+✳
❉❛♥+ ❧❡ ❝❛+ ♦C .♦✉+ ❧❡+ ♠✐♥%&❛✉① +♦♥. ♣&%+❡♥.+✱ ❧✬%;✉✐❧✐❜&❡ ♣❡✉. D.&❡ +✐♠♣❧❡♠❡♥. ❡①♣&✐♠%
❝♦♠♠❡ ✉♥ +②+./♠❡ ♥♦♥ ❧✐♥%❛✐&❡ ❞✬%;✉❛.✐♦♥+ ❛❧❣%❜&✐;✉❡+ ;✉✐ ❡+. &%+♦❧✉ ♣❛& ✉♥❡ ♠%.❤♦❞❡
❞❡ ◆❡✇.♦♥ +.❛♥❞❛&❞✳ ▼❛✐+ ❡♥ ♣&❛.✐;✉❡✱ ❝❡..❡ ❝♦♥♥❛✐++❛♥❝❡ ♥✬❡+. ♣❛+ ❞✐+♣♦♥✐❜❧❡✱ ❞♦♥❝
♦♥ ❛ ♣❧✉+✐❡✉&+ ♣♦++✐❜✐❧✐.%+ ✿
✶✳ ▲❡ ✢✉✐❞❡ ❡+. +❛.✉&% ❡. ❧❡ ♠✐♥%&❛❧ ❡+. ♣&%+❡♥.✱ ❝✬❡+.✲9✲❞✐&❡

0 = (1−Kp,i
Nc∏
j=1
c
Eij
j ) i = 1, Np
0 < pi
✭✶✳✹✮
♦C Eij +♦♥. ❧❡+ ❝♦❡✣❝✐❡♥.+ +.N❝❤✐♦♠%.&✐;✉❡+ ❞❡+ &%❛❝.✐♦♥+ ❞❡ ♣&%❝✐♣✐.❛.✐♦♥✳
✷✳ ▲❡ ✢✉✐❞❡ ❡+. +♦✉+✲+❛.✉&% ❡. ❧❡ ♠✐♥%&❛❧ ❡+. ❡♥.✐/&❡♠❡♥. ❞✐++♦✉+✱ ❝✬❡+.✲9✲❞✐&❡

0 ≤ (1−Kp,i
Nc∏
j=1
c
Eij
j ) i = 1, Np
0 = pi
✭✶✳✺✮
❊♥ ❣%♥%&❛❧ ❧❛ ❢♦&♠✉❧❡ ;✉✐ &❡❣&♦✉♣❡ ❧❡+ ❞❡✉① ❝❛+ ♣&%❝%❞❡♥.+ ❡+. ❧❛ +✉✐✈❛♥.❡ ✿

0 ≤ (1−Kp,i
Nc∏
j=1
c
Eij
j ) ❡. pi = 0, i = 1, Np
♦✉
0 = (1−Kp,i
Nc∏
j=1
c
Eij
j ) ❡. 0 ≤ pi, i = 1, Np
✭✶✳✻✮
✶✳✸✳✶ ▼♦❞&❧❡ )✐♠♣❧✐✜. ❞❡ ♣/.❝✐♣✐1❛1✐♦♥✲❞✐))♦❧✉1✐♦♥
❉❛♥+ ✉♥ ♣&❡♠✐❡& .&❛✈❛✐❧✱ ♦♥ ✈❛ %.✉❞✐❡& ❧❡ ❝❛+ ♦C ❧❡ ♠✐♥%&❛❧ ❡+. ♣&%+❡♥. ❡. ❧❡ ✢✉✐❞❡
❡+. +❛.✉&% ♣❛& &❛♣♣♦&. 9 ❧❛ &%❛❝.✐♦♥ ❞❡ ♣&%❝✐♣✐.❛.✐♦♥✲❞✐++♦❧✉.✐♦♥ ❝♦&&❡+♣♦♥❞❛♥.❡ ❬✶✷❪✳
❝✬❡+.✲9✲❞✐&❡ ✿ 

1 = Kp,i
Nc∏
j=1
c
Eij
j , i = 1, Np
0 < pi, i = 1, Np
✭✶✳✼✮
✶✻ ❝❤❛♣✐%&❡ ✶
✶✳✸✳✷ ▼♦❞'❧❡ ❣+♥+-❛❧ ❞❡ ♣-+❝✐♣✐2❛2✐♦♥✲❞✐44♦❧✉2✐♦♥
❉❛♥% ✉♥ ❝❛% ❣)♥)*❛❧✱ ♦♥ ♣❡✉0 )❝*✐*❡ ❧❡ %②%03♠❡ ✭✶✳✻✮ %♦✉% ❧❛ ❢♦*♠❡ %✉✐✈❛♥0❡ ✿

0 = (1−Kp,i
Nc∏
j=1
c
Eij
j ) × pi, i = 1, Np
❛✈❡❝
0 ≤ (1−Kp,i
Nc∏
j=1
c
Eij
j ) ❡0 0 ≤ pi, i = 1, Np
✭✶✳✽✮
❈❡ ♣*♦❜❧3♠❡ ❡%0 ❛♣♣❡❧) ✉♥ ♣*♦❜❧3♠❡ ❞❡ ❝♦♠♣❧)♠❡♥0❛*✐0) ✭?❈✮❬✹✶✱ ✷✸❪✳
❖♥ ✈❛ ❛♣♣❧✐F✉❡* ✉♥❡ ♠)0❤♦❞❡ F✉✐ )❧✐♠✐♥❡ ❧❡% ✐♥)❣❛❧✐0)% ❞❛♥% ✭✶✳✽✮✳ ?♦✉* ❝❡❧❛✱ ♦♥ ✈❛
0*♦✉✈❡* ✉♥❡ ❢♦♥❝0✐♦♥ ϕ F✉✐ ✈)*✐✜❡ ✿
ϕ(a, b) = 0 ⇐⇒ ab = 0 ❡0 a ≥ 0 ❡0 b ≥ 0 ✭✶✳✾✮
❈❡00❡ ❢♦♥❝0✐♦♥ %✬❛♣♣❡❧❧❡ ❢♦♥❝0✐♦♥ ❞❡ ❧❛ ❝♦♠♣❧)♠❡♥0❛*✐0) ♦✉ ❈✲❢♦♥❝0✐♦♥✳
■❧ ② ❛ ♣❧✉%✐❡✉*% 0②♣❡% ❞❡ ❢♦♥❝0✐♦♥ ❞❡ ❝♦♠♣❧)♠❡♥0❛*✐0) ❝♦♠♠❡ ✿
✶✳ ▲❛ ❢♦♥❝0✐♦♥ ♠✐♥✐♠✉♠ ϕmin(a, b) = min(a, b) ❬✶✾✱ ✸✶❪✳
✷✳ ▲❛ ❢♦♥❝0✐♦♥ ❋✐%❝❤❡*✲❇✉*♠❡✐%0❡* ϕFB(a, b) =
√
a2 + b2 − a− b ❬✶✸❪✳
✸✳ ❋♦♥❝0✐♦♥ ❞✐✛)*❡♥0✐❡❧❧❡ ♣❛* ♠♦*❝❡❛✉① ❬✹✷❪✳
❖♥ ♣❡✉0 *❡♠♣❧❛❝❡* ❧✬)F✉❛0✐♦♥ ✭✶✳✽✮ ♣❛* ϕ(Πi(c), pi) = 0 ❛✈❡❝
Πi(c) = 1−Kp,i
Nc∏
j=1
c
Eij
j
❖♥ *)%♦✉0 ❧❡ ♣*♦❜❧3♠❡ ❞✬)F✉✐❧✐❜*❡ ❝❤✐♠✐F✉❡ ♣❛* ✉♥❡ ♠)0❤♦❞❡ ❞❡ ◆❡✇0♦♥✳ ■❧ ❢❛✉0 *❡♠❛*✲
F✉❡* F✉❡ ❧❡ ❣*❛❞✐❡♥0 ❞❡ ϕ ♥✬❡%0 ♣❛% ❞)✜♥✐ ❞❡ ❢❛T♦♥ ✉♥✐F✉❡ ♣❛*0♦✉0✳ ▲❛ ❢♦♥❝0✐♦♥ ϕ ❢❛✐0
♣❛*0✐❡ ❞❡ ❧❛ ❝❧❛%%❡ ❞❡% ❢♦♥❝0✐♦♥% %❡♠✐%♠♦♦0❤✳
▲❛ ♠)0❤♦❞❡ ❞❡ ◆❡✇0♦♥ %❡♠✐%♠♦♦0❤ ❡%0 ❧✬❛♣♣❧✐❝❛0✐♦♥ ❞❡ ❧❛ ♠)0❤♦❞❡ ❞❡ ◆❡✇0♦♥ U ✉♥❡
❢♦♥❝0✐♦♥ %❡♠✐%♠♦♦0❤✱ ♦V U ❝❤❛F✉❡ )0❛♣❡ ❞❡ ◆❡✇0♦♥✱ ✉♥ )❧)♠❡♥0 F✉❡❧❝♦♥F✉❡ ❞✉ ❇✲%♦✉%✲
❞✐✛)*❡♥0✐❡❧ ❡%0 ✉0✐❧✐%) U ❧❛ ♣❧❛❝❡ ❞❡ ❧❛ ❥❛❝♦❜✐❡♥♥❡ ❝❧❛%%✐F✉❡✳
❉❛♥% ♥♦0*❡ )0✉❞❡✱ ♦♥ ✈❛ ✉0✐❧✐%❡* ❧❛ ❢♦♥❝0✐♦♥ ϕmin✱ ❛❧♦*% ♣♦✉* i = 1, Np✱ ♦♥ ❛ ✿
ϕmin(Πi(c), pi) =


Πi(c) %✐ Πi(c) ≤ pi
pi %✐ Πi(c) > pi
✭✶✳✶✵✮
❆❧♦*% ❧❛ ❥❛❝♦❜✐❡♥♥❡ ❡%0 ❞)✜♥✐❡ ❞❡ ❝❡00❡ ♠❛♥✐3*❡ ✿
∂ϕmin(Πi(c), pi)
∂cj
=


∂Πi(c)
∂cj
%✐ Πi(c) ≤ pi
0 %✐ Πi(c) > pi
✭✶✳✶✶✮
▲♦✐# ❞❡ ❝♦♥#❡(✈❛+✐♦♥ ❞❡ ❧❛ ♠❛##❡ ✶✼
❊#
∂ϕmin(Πi(c), pi)
∂pi
=


0 $✐ Πi(c) ≤ pi
1 $✐ Πi(c) > pi
✭✶✳✶✷✮
♦+ ❧❛ ❞/0✐✈/❡ ❞❡ Πi ♣❛0 0❛♣♣♦0# 4 cj ❡$# ❝❛❧❝✉❧/❡ ❞❛♥$ ❧✬/9✉❛#✐♦♥ $✉✐✈❛♥#❡ ✿
∂Πi
∂cj
= −


Kp,j
Nc∏
l=1 & l 6=j
c
Eil
l ❙✐ cj = 0 ❡# Eij = 1
0 ❙✐ cj = 0 ❡# Eij > 1 ♦✉ Eij = 0
∞ ❙✐ cj = 0 ❡# Eij < 0
Eij
cj
Kp,j
Nc∏
l=1
c
Eil
l ❙✐ cj 6= 0


✭✶✳✶✸✮
✶✳✹ ▲♦✐& ❞❡ ❝♦♥&❡+✈❛.✐♦♥ ❞❡ ❧❛ ♠❛&&❡
=✉✐$9✉❡ ❧❡$ 0/❛❝#✐♦♥$ $♦♥# 4 ❧✬/9✉✐❧✐❜0❡✱ ♦♥ ♣❡✉# ❞/✜♥✐0 ❧❡$ ❝♦♥❝❡♥#0❛#✐♦♥$ #♦#❛❧❡$
♣♦✉0 ❝❤❛9✉❡ ❝♦♠♣♦$❛♥# ❬✾✱ ✸✼✱ ✷✾❪✳ ❈❡$ ❝♦♥❝❡♥#0❛#✐♦♥$ #♦#❛❧❡$ $❡ ❞/❝♦♠♣♦$❡♥# ❡♥ #♦#❛❧
❛9✉❡✉① Tc✱ ❡# #♦#❛❧ ✜①/ Ts ❡# $♦♥# ❡①♣0✐♠/❡$ ❞❡ ❢❛I♦♥ $✉✐✈❛♥#❡ ✿{
Tc(c, s, p) = c+ S
Tα(c) +ATβ(c, s) + ET p
Ts(c, s) = s+B
Tβ(c, s)
✭✶✳✶✹✮
♦+ α(c) ❡# β(c, s) $♦♥# ❞/✜♥✐$ ❞❛♥$ ❧✬/9✉❛#✐♦♥ ✭✶✳✸✮✳
▲❡$ ❧♦✐$ ❞❡ ❝♦♥$❡0✈❛#✐♦♥ ❞❡ ♠❛$$❡ $♦♥# ❛❧♦0$ /❝0✐#❡$ $♦✉$ ❧❛ ❢♦0♠❡ $✉✐✈❛♥#❡ ✿{
T = Tc(c, s, p)
W = Ts(c, s)
✭✶✳✶✺✮
♦+ ❚ ❡# ❲ $♦♥# ❞❡$ ❞♦♥♥/❡$ ❞✉ ♠♦❞O❧❡ ❝❤✐♠✐9✉❡✱ ❞❛♥$ ❧❡ ❝❛$ ❞✬✉♥ $②$#O♠❡ ❢❡0♠/✳ =❛0
❝♦♥#0❡✱ ❞❛♥$ ❧❡ ❝❛$ ❞✬✉♥ $②$#O♠❡ ♦✉✈❡0#✱ ❚ ❡# ❲ $♦♥# ❞❡$ ✈❛0✐❛❜❧❡$ ♦❜#❡♥✉❡$ ♣❛0 ❝♦✉♣❧❛❣❡
❛✈❡❝ ✉♥ ❛✉#0❡ ♠♦❞O❧❡✳
✶✳✹✳✶ ❙②%&'♠❡ ❝❤✐♠✐-✉❡
▲❡ $②$#O♠❡ ❝❤✐♠✐9✉❡ ❡$# ✉♥ $②$#O♠❡ ♥♦♥ ❧✐♥/❛✐0❡ ❞❡ (Nc+Ns+Np) /9✉❛#✐♦♥$ ❛✈❡❝ ❞❡$
❝♦♥#0❛✐♥#❡$✳ =♦✉0 ❧❡ ♠♦❞O❧❡ $✐♠♣❧✐✜/✱ ♦♥ $✉♣♣♦$❡ 9✉❡ ❧❡$ ❝♦♥❝❡♥#0❛#✐♦♥$ ❞❡$ ♠✐♥/0❛✉①
$♦♥# $#0✐❝#❡♠❡♥# ♣♦$✐#✐✈❡$ ✭pi > 0✮✱ ❝❡ 9✉✐ ❝♦♥❞✉✐# ❛✉ ♠♦❞O❧❡ ❝❤✐♠✐9✉❡ $✉✐✈❛♥# ✿

T − Tc(c, s, p) = 0
W − Ts(c, s) = 0
−Π(c) = 0
c ≥ 0
s ≥ 0
p > 0
✭✶✳✶✻✮
✶✽ ❝❤❛♣✐%&❡ ✶
◆♦✉% ✉&✐❧✐%♦♥% ❧❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ ♣♦✉2 2,%♦✉❞2❡ ❝❡ ♣2♦❜❧5♠❡ ♥♦♥ ❧✐♥,❛✐2❡✱ ❡♥ %✉♣✲
♣♦%❛♥& 8✉❡ ❧❡ %②%&5♠❡ ❛ ✉♥❡ %♦❧✉&✐♦♥ ✉♥✐8✉❡ ❡& 8✉❡ ❧❛ ❏❛❝♦❜✐❡♥♥❡ ♥✬❡%& ♣❛% %✐♥❣✉❧✐52❡✳
▲❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ ❡%& ❛❞❛♣&,❡ ♣♦✉2 %❛&✐%❢❛✐2❡ ❧❡% ❝♦♥&2❛✐♥&❡%✳ @♦✉2 ❧❡ ♠♦❞5❧❡ ❣,✲
♥,2❛❧✐%,✱ ❧❡ ♠♦❞5❧❡ ❝❤✐♠✐8✉❡ ❡%& ❧❡ %✉✐✈❛♥& ✿


T − Tc(c, s, p) = 0
W − Ts(c, s) = 0
Π(c)× p = 0
c ≥ 0
s ≥ 0
p ≥ 0
Π(c) ≥ 0
✭✶✳✶✼✮
◆♦✉% ✉&✐❧✐%♦♥% ❧❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ %❡♠✐%♠♦♦&❤ ❛✈❡❝ ❧❛ ❢♦♥❝&✐♦♥ ❞❡ ❝♦♠♣❧,♠❡♥&❛2✐&,
min✳ ❉♦♥❝ ❧❡ %②%&5♠❡ ✭✶✳✶✼✮ %✬,❝2✐& %♦✉% ❧❛ ❢♦2♠❡ %✉✐✈❛♥&❡ ✿


T − Tc(c, s, p) = 0
W − Ts(c, s) = 0
ϕmin(Π(c), p) = 0
c ≥ 0
s ≥ 0
p ≥ 0
Π(c) ≥ 0
✭✶✳✶✽✮
▲❛ ♠,&❤♦❞❡ ❞❡ ◆❡✇&♦♥ ❡%& ❛❞❛♣&,❡ ♣♦✉2 %❛&✐%❢❛✐2❡ ❧❡% ❝♦♥&2❛✐♥&❡%✳
✶✳✺ ❏❛❝♦❜✐❡♥ ❞✉ -②-/0♠❡ ❝❤✐♠✐3✉❡
❉❛♥% ❝❡&&❡ ♣❛2&✐❡✱ ♥♦✉% ,❝2✐✈♦♥% ❞❡ ❢❛G♦♥ ❞,&❛✐❧❧,❡ ❧❛ ♠❛&2✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❞✉ ♠♦❞5❧❡
❣,♥,2❛❧✐%,✳ ◆♦✉% ♦❜%❡2✈♦♥% 8✉❡ ❧❡ ❝❛❧❝✉❧ ❞❡% ❞,2✐✈,❡% ❞❡% ❡%♣5❝❡% %❡❝♦♥❞❛✐2❡% ❡%& ❛%%❡③
❝♦♠♣❧✐8✉,✳ ❊♥%✉✐&❡✱ ♥♦✉% ❛♥❛❧②%♦♥% ❧❡ ❝❛% ♣❛2&✐❝✉❧✐❡2 ❞✬✉♥ &2❛❝❡✉2 ❡& ♠♦♥&2♦♥% 8✉❡ ❧❛
❧✐❣♥❡ ❛%%♦❝✐,❡ ❞❛♥% ❧❛ ❏❛❝♦❜✐❡♥♥❡ ❡%& ❝❡❧❧❡ ❞❡ ❧✬✐❞❡♥&✐&,✳
▲❛ ❏❛❝♦❜✐❡♥♥❡ ❞✉ %②%&5♠❡ ✭✶✳✶✽✮ %✬,❝2✐& %♦✉% ❧❛ ❢♦2♠❡ %✉✐✈❛♥&❡ ✿
J(c, s, p) =


−∂Tc
∂c
−∂Tc
∂s
−∂Tc
∂p
−∂Ts
∂c
−∂Ts
∂s
0
∂ϕmin
∂c
0
∂ϕmin
∂p


▲❡% ❞,2✐✈,❡% ❞❡ ϕmin %♦♥& ❞,✜♥✐❡% ❞❛♥% ❧❛ %❡❝&✐♦♥ ✭✶✳✸✳✷✮ ❡& ❧❡% ❞,2✐✈,❡% ❞❡% ❝♦♥❝❡♥&2❛✲
&✐♦♥% &♦&❛❧❡% %♦♥& ❝❛❧❝✉❧,❡% N ♣❛2&✐2 ❞❡ ✭✶✳✶✹✮ ❡& ❞❡% ❞,2✐✈,❡% ❞❡% ❡%♣5❝❡% %❡❝♦♥❞❛✐2❡% α
❏❛❝♦❜✐❡♥ ❞✉ *②*,-♠❡ ❝❤✐♠✐0✉❡ ✶✾
❡# β✱ ❞♦♥❝
J(c, s, p) =


−I − ST ∂α
∂c
−AT ∂β
∂c
−AT ∂β
∂s
−ET
−BT ∂β
∂c
−I −BT ∂β
∂s
0
∂ϕmin
∂c
0
∂ϕmin
∂p


✭✶✳✶✾✮
▲❡- ❝♦❡✣❝✐❡♥#- ❞❡ ❧❛ ♠❛#3✐❝❡ ❏❛❝♦❜✐❡♥♥❡ ♣❡✉✈❡♥# -✬:❝3✐3❡ -♦✉- ❧❛ ❢♦3♠❡ -✉✐✈❛♥#❡ ✿

∂Tc,i
∂cj
= δij +
Nα∑
k=1
Ski
∂αk
∂cj
+
Nβ∑
k=1
Aki
∂βk
∂cj
, i = 1, ..., Nc, j = 1, ..., Nc
∂Tc,i
∂sj
=
Nβ∑
k=1
Aki
∂βk
∂sj
, i = 1, ..., Nc, j = 1, ..., Ns
∂Tc,i
∂pj
= Eji, i = 1, ..., Nc, j = 1, ..., Np
∂Ts,i
∂cj
=
Nβ∑
k=1
Bki
∂βk
∂cj
, i = 1, ..., Ns, j = 1, ..., Nc
∂Ts,i
∂sj
= δij +
Nβ∑
k=1
Bki
∂βk
∂sj
, i = 1, ..., Ns, j = 1, ..., Ns
✭✶✳✷✵✮
▲❡- ❞:3✐✈:❡- ❞❡- ❝♦♥❝❡♥#3❛#✐♦♥- ❞❡- ❡-♣?❝❡- -❡❝♦♥❞❛✐3❡- -✬:❝3✐✈❡♥# ✿
∂αk
∂cj
=


Kc,k
Nc∏
l=1 & l 6=j
c
Skl
l ❙✐ cj = 0 ❡# Skj = 1
0 ❙✐ cj = 0 ❡# Skj > 1 ♦✉ Skj = 0
∞ ❙✐ cj = 0 ❡# Skj < 0
Skj
αk
cj
❙✐ cj 6= 0


✭✶✳✷✶✮
❡#
∂βk
∂cj
=


Ks,k
Nc∏
l=1& l 6=j
c
Akl
l
Ns∏
l=1
s
Bkl
l ❙✐ cj = 0 ❡# Akj = 1
0 ❙✐ cj = 0 ❡# Akj > 1 ♦✉ Akj = 0
∞ ❙✐ cj = 0 ❡# Akj < 0
Akj
βk
cj
❙✐ cj 6= 0


✭✶✳✷✷✮
✷✵ ❝❤❛♣✐%&❡ ✶
∂βk
∂sj
=


Ks,k
Nc∏
l=1
c
Akl
l
Ns∏
l=1 & l 6=j
s
Bkl
l ❙✐ sj = 0 ❡% Bkj = 1
0 ❙✐ sj = 0 ❡% Bkj > 1 ♦✉ Bkj = 0
∞ ❙✐ sj = 0 ❡% Bkj < 0
Bkj
βk
sj
❙✐ sj 6= 0


✭✶✳✷✸✮
❈❡. ❝❛❧❝✉❧. .♦♥% ❛..❡③ ❝♦♠♣❧✐6✉7. ❡% ✐♠♣❧✐6✉❡♥% ❞❡. %❡.%.✳ ❊♥ ♣:❛%✐6✉❡✱ ❧❡ %❡.% c = 0 ❡.%
:❡♠♣❧❛❝7 ♣❛: c ≤ ε✱ ♦< ε ❡.% ✉♥❡ 6✉❛♥%✐%7 ✜①7❡ ♣:♦❝❤❡ ❞❡ ❧❛ ♣:7❝✐.✐♦♥ ♠❛❝❤✐♥❡✳
✶✳✺✳✶ ❈♦♠♣♦'❛♥* ❞❡ *②♣❡ *.❛❝❡✉.
❯♥❡ ❡.♣A❝❡ ❝❤✐♠✐6✉❡ ❡.% ✉♥ %:❛❝❡✉: .✬✐❧ ♥❡ :7❛❣✐% ♣❛. ❛✈❡❝ ❧❡. ❛✉%:❡. ❡.♣A❝❡. ✐✳❡
✶✳ ❙✐ ❧✬❡.♣A❝❡ ❝❤✐♠✐6✉❡ ❡.% ✉♥ ❝♦♠♣♦.❛♥% ❛6✉❡✉① ci✱ ❛❧♦:.

Ski = 0, k = 1, ..., Nα
Aki = 0, k = 1, ..., Nβ
Eji = 0, j = 1, ..., Np
✭✶✳✷✹✮
✷✳ ❙✐ ❧✬❡.♣A❝❡ ❝❤✐♠✐6✉❡ ❡.% ✉♥ ❝♦♠♣♦.❛♥% ✜①7 si✱ ❛❧♦:. ✿
Bki = 0, k = 1, ..., Nβ ✭✶✳✷✺✮
◆♦✉. ♠♦♥%:♦♥. 6✉❡ ❧❛ ♣:7.❡♥❝❡ ❞✬✉♥ %:❛❝❡✉: ♥❡ ♣❡:%✉:❜❡ ♣❛. ❧❛ 6✉❛❧✐%7 ❞✉ ❏❛❝♦❜✐❡♥✳
 !♦♣♦$✐&✐♦♥ ✶✳✶ ❙✐ ❧❡ $%❛❝❡✉% ❡)$ ✉♥ ❝♦♠♣♦)❛♥$ ❛.✉❡✉①✱ ❧❡) ❞2%✐✈2❡) ❛))♦❝✐2❡ 4 Tc,i
)♦♥$ ❞2✜♥✐❡) ❞❡ ❧❛ ❢❛7♦♥ )✉✐✈❛♥$❡ ✿

∂Tc,i
∂cj
= δij
∂Tc,i
∂sj
= 0
∂Tc,i
∂pj
= 0
✭✶✳✷✻✮
❆✐♥)✐✱ ❧❛ ❧✐❣♥❡ ❛))♦❝✐2❡ 4 Tc,i ❡)$ 2❣❛❧❡ 4 ❧❛ ❧✐❣♥❡ ❝♦%%❡)♣♦♥❞❛♥$❡ ❞❡ ❧❛ ♠❛$%✐❝❡ ✐❞❡♥$✐$2✳
❙✐ ❧❡ $%❛❝❡✉% ❡)$ ✉♥ ❝♦♠♣♦)❛♥$ ✜①2✱ ❧❡) ❞2%✐✈2❡) ❛))♦❝✐2❡ 4 Ts,i )♦♥$ ❞2✜♥✐❡) ❞❡ ❧❛ ❢❛7♦♥
)✉✐✈❛♥$❡ ✿ 

∂Ts,i
∂cj
= 0
∂Ts,i
∂sj
= δij
✭✶✳✷✼✮
❆✐♥)✐✱ ❧❛ ❧✐❣♥❡ ❛))♦❝✐2❡ 4 Ts,i ❡)$ 2❣❛❧❡ 4 ❧❛ ❧✐❣♥❡ ❝♦%%❡)♣♦♥❞❛♥$❡ ❞❡ ❧❛ ♠❛$%✐❝❡ ✐❞❡♥$✐$2✳
❱❛"✐❛❜❧❡' ❧♦❣❛"✐*❤♠✐-✉❡' ✷✶
 !❡✉✈❡ ✶✳✶ ◆♦✉# ❛♣♣❧✐(✉♦♥# ❧❛ ❞+✜♥✐-✐♦♥ ❞✬✉♥ -/❛❝❡✉/ ❞❛♥# ❧✬❡①♣/❡##✐♦♥ ✭✶✳✷✹ ❡- ✶✳✷✺✮
❡- ❧❡# ❞+/✐✈+❡# ❞❡# ❝♦♥❝❡♥-/❛-✐♦♥# -♦-❛❧❡# ❞❛♥# ❧✬❡①♣/❡##✐♦♥✭✶✳✷✵✮✳
❘❡♠❛!*✉❡ ✶✳✶ <✉✐#(✉❡ ❧❡ -/❛❝❡✉/ ♥❡ /+❛❣✐- ♣❛# ❛✈❡❝ ❧❡# ❛✉-/❡# ❡#♣>❝❡#✱ ♦♥ ♣❡✉- ❧✬❡♥❧❡✈❡/
❞✉ #②#->♠❡ ❝❤✐♠✐(✉❡✳ ❖♥ ❛ -♦✉- #✐♠♣❧❡♠❡♥- ci = Tc,i ♦✉ si = Ts,i✳
✶✳✻ ❱❛%✐❛❜❧❡* ❧♦❣❛%✐-❤♠✐0✉❡*
❊♥ $✉♣♣♦$❛♥) *✉❡ c > 0 ❡) s > 0✱ ♦♥ ♣❡✉) ❢❛✐/❡ ❧❡ ❝❤❛♥❣❡♠❡♥) ❞❡ ✈❛/✐❛❜❧❡ $✉✐✈❛♥) ✿
lc = log(c) ❡) ls = log(s)✳
❈❡))❡ ❢♦/♠❡ ❧♦❣❛/✐)❤♠✐*✉❡ ❡$) ✉)✐❧✐$;❡ ❞❛♥$ ♣❧✉$✐❡✉/$ ❧♦❣✐❝✐❡❧$ ❝♦♠♠❡ ❙=❊❈❨ ❬✾❪✱ ▼■◆✸=
❬✷✻✱ ✷✺❪✱ ❘❊❚❘❆❙❖ ❬✷✾❪✱ ❘■❈❍❨ ❬✷✵✱ ✷✸✱ ✷✶❪✱ ♣❛/❝❡ *✉❡ ❝❡))❡ ❢♦/♠❡ ❛$$✉/❡ ❧❛ ♣♦$✐)✐✈✐);
❞❡$ ❝♦♥❝❡♥)/❛)✐♦♥$✳ ❉❡ ♣❧✉$✱ ❝❡))❡ ❢♦/♠❡ ❢❛❝✐❧✐)❡ ❧❡$ ❝❛❧❝✉❧$ ❞❡$ ❞;/✐✈;❡$✱ ♣❛/❝❡ *✉✬❡❧❧❡
❧✐♥;❛/✐$❡ ❧❡$ ;*✉❛)✐♦♥$ ✿ ❛✉ ❧✐❡✉ ❞❡ ❝❛❧❝✉❧❡/ ❧❛ ❞;/✐✈;❡ ❞❡$ ♣/♦❞✉✐)$ ❡) ❞❡$ ♣✉✐$$❛♥❝❡$✱ ♦♥
❝❛❧❝✉❧❡ ❧❛ ❞;/✐✈;❡ ❞❡$ $♦♠♠❡$✳ ❆✈❡❝ ❝❡ ❝❤❛♥❣❡♠❡♥) ❞❡ ✈❛/✐❛❜❧❡✱ ♦♥ ♣❡✉) ;❝/✐/❡ ❧❡$ ❧♦✐$
❞✬❛❝)✐♦♥$ ❞❡ ♠❛$$❡ $♦✉$ ❧❛ ❢♦/♠❡ ❧♦❣❛/✐)❤♠✐*✉❡ $✉✐✈❛♥)❡ ✿


α(lc) = exp[ logKc + S
T lc]
β(lc, ls) = exp[ logKs + A
T lc+ BT ls] ✭✶✳✷✽✮
❊) ❧❛ ❧♦✐ ❞❡ ❝♦♥$❡/✈❛)✐♦♥ ❞❡ ♠❛$$❡ $♦✉$ ❧❛ ❢♦/♠❡ $✉✐✈❛♥)❡ ✿
{
Tc(lc, ls, p) = exp(lc) + S
Tα(lc) +ATβ(lc, ls) + ET p
Ts(lc, ls) = exp(ls) +B
Tβ(lc, ls) ✭✶✳✷✾✮
✶✳✻✳✶ ❙②%&'♠❡ ❝❤✐♠✐-✉❡ ❛✈❡❝ ❧♦❣❛4✐&❤♠❡%
=♦✉/ ❧❡ ♠♦❞S❧❡ $✐♠♣❧✐✜; ❧✬;*✉❛)✐♦♥ ❞❡ ♣/;❝✐♣✐)❛)✐♦♥✲❞✐$$♦❧✉)✐♦♥ $✬;❝/✐) $♦✉$ ❧❛ ❢♦/♠❡
$✉✐✈❛♥)❡ ✿ 

0 = logKp + E
T lc
0 < pi, i = 1, Np
✭✶✳✸✵✮
❙♦✐) ϕ(lc) = logKp + E
T lc✳ ❉♦♥❝ ❧❡ $②$)S♠❡ ❝❤✐♠✐*✉❡ $✬;❝/✐) ✿


T − exp(lc) + STα(lc) +ATβ(lc, ls) + ET p = 0
W − exp(ls) +BTβ(lc, ls) = 0
ϕ(lc) = 0
p > 0, c = exp(lc), s = exp(ls)
✭✶✳✸✶✮
❈❡ ♠♦❞S❧❡ $❛)✐$❢❛✐) ♣❛/ ❤②♣♦)❤S$❡ ❧❡$ ❝♦♥)/❛✐♥)❡$ $✉/ c ❡) s ♠❛✐$ ✐♥)❡/❞✐) *✉❡ ❧❡$ ❝♦♥❝❡♥✲
)/❛)✐♦♥$ $♦✐❡♥) ♥✉❧❧❡$✳
✷✷ ❝❤❛♣✐%&❡ ✶
✶✳✻✳✷ ❏❛❝♦❜✐❡♥ ❞✉ ♠♦❞/❧❡ 1✐♠♣❧✐✜4 ❛✈❡❝ ❧♦❣❛7✐8❤♠❡1
❉❛♥$ ❝❡''❡ $❡❝'✐♦♥✱ ♦♥ ♠♦♥',❡ ❧❛ ❢❛❝✐❧✐'/ ❞❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♠❛',✐❝❡ ❏❛❝♦❜✐❡♥♥❡ ♠❛✐$ ❞❛♥$
❧❛ $❡❝'✐♦♥ $✉✐✈❛♥'❡✱ ♦♥ ❞/♠♦♥',❡ ❧❛ $✐♥❣✉❧❛,✐'/ ❞❡ ❝❡''❡ ♠❛',✐❝❡ 6✉❛♥❞ ❧❡$ ❝♦♥❝❡♥',❛'✐♦♥$
$♦♥' ♣,♦❝❤❡$ ❞❡ ✵✳
▲❛ ♠❛',✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❡$' ❝❛❧❝✉❧/❡ ❞❡ ❢❛=♦♥ ❛♥❛❧♦❣✉❡ > ❧❛ $❡❝'✐♦♥ ✭✶✳✺✮
Jl(lc, ls, p) =


−∂Tc
∂lc
−∂Tc
∂ls
−∂Tc
∂p
−∂Ts
∂lc
−∂Ts
∂ls
0
∂ϕ
∂lc
0 0


▲❡$ ❝♦❡✣❝✐❡♥'$ ❞❡ ❧❛ ♠❛',✐❝❡ ❏❛❝♦❜✐❡♥♥❡ ♣❡✉✈❡♥' $✬/❝,✐,❡ $♦✉$ ❧❛ ❢♦,♠❡ $✉✐✈❛♥'❡ ✿


∂Tc,i
∂(lcj)
= δij exp(lcj) +
Nα∑
k=1
Ski
∂αk
∂(lcj)
+
Nβ∑
k=1
Aki
∂βk
∂(lcj)
∂Tc,i
∂(lsj)
=
Nβ∑
k=1
Aki
∂βk
∂(lsj)
∂Tc,i
∂pj
= Eji
∂Ts,i
∂(lcj)
=
Nβ∑
k=1
Bki
∂βk
∂(lcj)
∂Ts,i
∂(lsj)
= δij exp(lsj) +
Nβ∑
k=1
Bki
∂βk
∂(lsj)
✭✶✳✸✷✮
❊'


∂αk
∂(lcj)
= Skj αk
∂βk
∂(lcj)
= Akj βk
∂βk
∂(lsj)
= Bkj βk
∂ϕi
∂(lcj)
= Eij
✭✶✳✸✸✮
❱❛"✐❛❜❧❡' ❧♦❣❛"✐*❤♠✐-✉❡' ✷✸
❖♥ ♣❡✉' (❝*✐*❡ ❧❡- ❞(*✐✈(❡- ❞❡- ❝♦♥❝❡♥'*❛'✐♦♥- ❞❡- ❡-♣2❝❡- -❡❝♦♥❞❛✐*❡- -♦✉- ❧❛ ❢♦*♠❡
♠❛'*✐❝✐❡❧❧❡ -✉✐✈❛♥'❡ ✿ 

∂α
∂lc
= ❞✐❛❣(α) S
∂β
∂lc
= ❞✐❛❣(β) A
∂β
∂ls
= ❞✐❛❣(β) B
∂ϕ
∂lc
= E
✭✶✳✸✹✮
▲❛ ♠❛'*✐❝❡ ❏❛❝♦❜✐❡♥♥❡ -✬(❝*✐' -♦✉- ❧❛ ❢♦*♠❡ -✉✐✈❛♥'❡ ✿
Jl =


−❞✐❛❣(exp(lc))− ST ❞✐❛❣(α) S −AT ❞✐❛❣(β) A −AT ❞✐❛❣(β) B −E
−BT ❞✐❛❣(β) A −❞✐❛❣(exp(ls))−BT ❞✐❛❣(β) B 0
E 0 0


✶✳✻✳✸ ❈♦♠♣♦(❛♥+ ❞❡ +②♣❡ +/❛❝❡✉/ ❛✈❡❝ ❧♦❣❛/✐+❤♠❡(
❉❛♥- ❝❡''❡ ♣❛*'✐❡✱ ♥♦✉- ❛♥❛❧②-♦♥-✱ ❝♦♠♠❡ ♣*(❝(❞❡♠♠❡♥'✱ ❧✬✐♠♣❛❝' ❞✬✉♥ '*❛❝❡✉* -✉*
❧❡ ❏❛❝♦❜✐❡♥✳ ◆♦✉- ♠♦♥'*♦♥- D✉❡ ❧❛ ♠❛'*✐❝❡ ❡-' ♣*♦❝❤❡ ❞❡ ❧❛ -✐♥❣✉❧❛*✐'( -✐ ❧❛ ❝♦♥❝❡♥'*❛'✐♦♥
❞✉ '*❛❝❡✉* ❡-' ♣*♦❝❤❡ ❞❡ ✵✳
 !♦♣♦$✐&✐♦♥ ✶✳✷ ❙♦✐# ci ✉♥ ❝♦♠♣♦)❛♥# ❛+✉❡✉① ❞❡ #②♣❡ #0❛❝❡✉0✳ ▲❡) ❞30✐✈3❡) ❛))♦❝✐3❡)
5 Tc,i )♦♥# ❞♦♥♥3❡) ♣❛0 ❧✬3+✉❛#✐♦♥ )✉✐✈❛♥#❡ ✿

∂Tc,i
∂(lcj)
= δij exp(lcj)
∂Tc,i
∂(lsj)
= 0
∂Tc,i
∂pj
= 0
✭✶✳✸✺✮
❙♦✐# si ✉♥ ❝♦♠♣♦)❛♥# ✜①3 ❞❡ #②♣❡ #0❛❝❡✉0✱ ❛❧♦0) ✿

∂Ts,i
∂(lcj)
= 0
∂Ts,i
∂(lsj)
= δij exp(lsj)
✭✶✳✸✻✮
❙✐ ❧❛ ❝♦♥❝❡♥#0❛#✐♦♥ ❞✬✉♥ #0❛❝❡✉0 ❡)# ♣0♦❝❤❡ ❞❡ ✵✱ ❧❛ ♠❛#0✐❝❡ ❏❛❝♦❜✐❡♥♥❡ ❡)# ♣0♦❝❤❡ ❞❡ ❧❛
)✐♥❣✉❧❛0✐#3✳
✷✹ ❝❤❛♣✐%&❡ ✶
 !❡✉✈❡ ✶✳✷  !❡♠✐❡! ♣♦✐♥- ✿ # ♣❛&'✐& ❞❡ ❧❛ ❞,✜♥✐'✐♦♥ ❞❡ '&❛❝❡✉& ❞❛♥2 ❧✬,4✉❛'✐♦♥ ✭✶✳✷✹✮
✭&❡2♣❡❝'✐✈❡♠❡♥' ✭✶✳✷✺✮✮ ❡' ❧❛ 2'&✉❝'✉&❡ ❞❡ ❧❛ ❞,&✐✈,❡ ❛22♦❝✐,❡ # Tc,i ❞❛♥2 ❧✬,4✉❛'✐♦♥ ✭✶✳✸✷✮✱
♥♦✉2 ❞,❞✉✐2♦♥2 ❧❡ &,2✉❧'❛' ✭✶✳✸✺✮ ✭&❡2♣❡❝'✐✈❡♠❡♥' ✭✶✳✸✻✮✮✳
❉❡✉①✐0♠❡ ♣♦✐♥- ✿ ❙✐ ❧❛ ❝♦♥❝❡♥'&❛'✐♦♥ ❡2' ♣&♦❝❤❡ ❞❡ ✵✱ ❛❧♦&2 lim
ci−→0
(exp(lci)) = 0✳
❉♦♥❝ lim
ci−→0
∂Tc,i
∂lci
= 0✳
❉❛♥2 ❧❡ ❝❛2 ❞✬✉♥ ❝♦♠♣♦2❛♥' ✜①, lim
si−→0
(exp(lsi)) = 0✳ ❉♦♥❝ lim
si−→0
∂Ts,i
∂lsi
= 0✳
❆❧♦&2 ❧❛ ❧✐❣♥❡ ❛22♦❝✐,❡ ❛✉ '&❛❝❡✉& ❞❛♥2 ❧❛ ♠❛'&✐❝❡ '❡♥❞ ✈❡&2 ✵✱ ❡' ❧❛ ♠❛'&✐❝❡ ❏❛❝♦❜✐❡♥♥❡
❡2' ♣&♦❝❤❡ ❞❡ ❧❛ 2✐♥❣✉❧❛&✐',✳
✶✳✻✳✹ ❈♦♠♣♦(❛♥+ ♣,♦❝❤❡ ❞❡ ✵ ❛✈❡❝ ❧♦❣❛,✐+❤♠❡
◆♦✉2 ❛✈♦♥2 ❛✐♥2✐ ♠♦♥'&, ✉♥ ❝♦♠♣♦&'❡♠❡♥' '&I2 ❞✐✛,&❡♥' ❞❡2 ♠♦❞I❧❡2 ❛✈❡❝ ❡' 2❛♥2
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